A symmetry-preserving treatment of a vector-vector contact interaction is used to study charmed heavy-light mesons. The contact interaction is a representation of nonperturbative kernels used in Dyson 
I. INTRODUCTION
Heavy-light Qq (andQq) mesons, such as the B and the D, are interesting bound states of quantum chromodynamics (QCD). They are interesting because they are composed of quarks belonging to two limiting mass sectors of QCD with associated emergent approximate symmetries: the sector of light quarks q = (u, d, s), with masses m q ≪ Λ QCD , and the sector of heavy quarks Q = (c, b, t), with masses m Q ≫ Λ QCD , where Λ QCD is the energy scale at which the theory becomes strongly coupled, thereby implying that the characteristic size of a typical hadron is Λ −1 QCD . In the m q → 0 limit, QCD acquires an SU (3) L ×SU (3) R chiral symmetry that is dynamically broken by the strong QCD interactions to an SU (3) V flavor symmetry; the eight pseudoscalar mesons π 0 , π ± , K 0 ,K 0 , K ± , and η are identified with the (pseudo-)Goldstone bosons associated with the dynamical breaking of the symmetry. In the m Q → ∞ limit, the interactions of a heavy quark, regardless of its flavor, within a heavy-light meson become independent of its spin, a feature that gives rise to a spin-flavor heavy quark U (2N h ) symmetry-2N h = 2 (spin)×N h (heavy flavors). Moreover, since the average velocity v of the heavy quark in a Qq bound state is changed very little by the interactions, as ∆v = ∆p/m Q ∼ Λ QCD /m Q ≪ 1, the light quark dynamics occurs in the background of a strong color field of an essentially static spectator. Therefore, heavy-light mesons offer a unique opportunity to learn about features of dynamical chiral symmetry breaking (DχSB) in a spin-and flavor-independent environment provided by the heavy quark.
In fact, the approximate chiral and heavy quark spinflavor symmetries can be combined to construct powerful effective field theories to make predictions for a wealth of processes involving heavy-light mesons, like electroweak decay rates and their low-energy interactions with other hadrons [1, 2] . However, as with many other effective field theories, coupling constants in the Lagrangian of chiral heavy-quark effective field theories, and also form factors associated with decay matrix elements, are of nonperturbative origin and need be fixed from data or from other theoretical source, as simulations of QCD on a space-time lattice or calculations using nonperturbative methods in the continuum. The present work is related to the latter; in particular, to an approach based on the Dyson-Schwinger (DS) and Bethe-Salpeter (BS) equations of QCD [3, 4] .
The DS and BS equations consist of an infinite set of coupled integral equations; once a truncation scheme is specified, they define a tractable and predictive problem. Systematic, symmetry-preserving, nonpertubatively renormalizable truncation schemes, continuously developed since the 1990, reached a high degree of sophistication and have proven very successful in describing and correlating a great variety of phenomena in the light-quark sector of QCD [5, 6] . Symmetry-preserving schemes make use, in an essential way, of the WardGreen-Takahashi (WGT) identities reflecting global symmetries and their explicit breaking; they impose stringent relationships between the interaction kernels entering DS equations for quark and gluon propagators and quarkgluon vertices and those entering BS equations for bound states [7] .
Notwithstanding the advances and successes, challenges still remain in describing simultaneously the masses and decay constants of light-and heavy-flavored mesons within a single interaction-truncation scheme [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] ; in particular, the disagreements with data for the electroweak decay constants are substantial [9, 17] . Although one can expect that the challenges will be overcome in a foreseeable future, there is pressing need for different pieces of information on the structure and interactions of such mesons for guiding new experiments at existing and forthcoming facilities, aiming at e.g. production of exotic hadrons like the X,Y,Z hadrons in heavyion collisions and creation of exotic nuclear bound states with charmed hadrons [18, 19] . Predictions for masses, strong couplings, decay rates, and interaction cross sections are needed as functions of external parameters like temperature, baryon density and magnetic field, delivered in a form that can be used efficiently in transport and hydrodynamic simulation codes of such complex ex-periments. Given these circumstances and demands, in the present paper we explore the effectiveness in describing properties of D mesons of a simpler alternative based on a four-fermion contact interaction (CI) model embedded in a symmetry-preserving scheme [20] .
Fermionic contact interactions find widespread applications in hadron physics as evidenced by the popular use of models inspired by the Nambu-Jona-Lasinio (NJL) [21] . A great deal of qualitative insight on the phenomenon of hadron mass generation via DχSB and the role of the π 0 , π ± , K 0 ,K 0 , K ± , and η mesons as the associated (pseudo-)Goldstone bosons has been gleaned from such models-for reviews, see Refs. [22] [23] [24] [25] . On the other hand, the lack of confinement and non-renormalizabilty are the major weaknesses of these CI models. The non-renormalizability, notably, carries along the danger of introducing gross violations of global symmetries due to the regularization procedure; ambiguities arising from momentum shifts in divergent integrals and severe dependence of results on choices of momentum sharing between a heavy and a light quark in a bound state are the main causes of the problems.
A new perspective, however, has recently emerged with the implementation by Gutiérrez-Guerrero, Bashir, Cloët and Roberts [26] (GBCR henceforth) of a confining, symmetry-preserving treatment of a vector-vector CI as a simplified ansatz for the gluon's two-point Schwinger function commonly employed in the kernel of the quark's DS equation [3, 12, 27, 28] . By introducing a mechanism that ensures the absence of quark production thresholds [29] , a feature of a confining theory, and embedding the interaction in a global-symmetry-preserving, rainbow-ladder (RL) truncation framework of the DS and BS equations [30, 31] , the GBCR scheme has enhanced the CI's capacity to describe in a unified manner a diverse array of phenomena that include the light-quark meson and baryon spectra as well as their electroweak, elastic and transition form factors [32] [33] [34] [35] [36] [37] [38] [39] [40] in appropriate kinematic regimes. Very recently, the scheme has been extended to calculate ground-state masses and weak decay constants of heavy charmonia [41] , and also elastic and transition form factors of η c (1S) [42] .
In this paper, we examine the GBCR approach within the perspective of a subtraction scheme that allows one to isolate symmetry-violating contributions in BS amplitudes for arbitrary momentum routing in occurring divergent integrals. The scheme has been employed in NJL model calculations in vacuum [43, 44] and at finite temperature and baryon density [45] [46] [47] [48] , and very recently to investigate the critical behavior of quark matter in presence of a chiral imbalance [49] . The scheme is inspired in the method introduced in Ref. [50] , the aim of which is the treatment of divergent Feynman integrals without specification of an explicit regulator; it shares similarities [51] with the Bogoliubov, Parasiuk, Hepp, Zimmermann (BPHZ) renormalization subtraction scheme [52] , which uses systematic subtractions of momentum space integrals to isolate divergences.
We here take advantage of the strengths of the subtraction scheme and apply it to heavy-light mesons within the CI approach. Heavy-light mesons were studied previously in the NJL model using a traditional cutoff regularization [53] . However, a wrong pattern in the ordering of the pseudoscalar decay constants, f D < f π was found-the experimental pattern is f π < f K < f D . More recently, a similar incorrect ordering in the decay constants was encountered within the CI framework for heavy charmonia in Ref. [41] . In addition, as already mentioned, even implementing a more realistic interaction in the RL truncation of the DS and BS equations, the weak decay constants of heavy-light mesons compare unfavorably [9] with predictions of lattice-QCD and the D to D s mass difference is vanishingly small [14] . Possible causes for the failure of this truncation in heavylight systems have been put forward in Ref. [54] . While not being a substitute for a full-fledged QCD-based DS-BS framework currently under intense development, it is nonetheless legitimate to expect that the capacity of a CI scheme in providing useful insight on heavy-light mesons is enhanced when it respects fundamental spacetime and internal symmetries of QCD.
This paper is organized as follows: in Sec. II we summarize the essentials of DSE, BSE and Ward-GreenTakahashi identities (WGTI) and introduce the CI scheme employed herein. In Sec. III, we introduce the subtraction scheme to deal with divergent integrals that occur in the Bethe-Salpeter kernels due to the simplification of the CI and discuss the consequences of the axialvector WGTI for these divergences. In Sec. IV we present our numerical results for masses and weak decay constant of the mesons of interest using the subtraction scheme introduced in Sec. III We discuss our results and compare them with those obtained in Ref. [41] . Finally, in Sec. V we conclude with some final remarks about this work.
II. DS AND BS EQUATIONS AND WGT IDENTITIES
We begin with a brief review of the basic elements of the GBCR contact-interaction scheme [26] . We consider the inhomogeneous BS equation for a quark and antiquark state of total momentum P (here and in the following we omit renormalization constants):
where q ≡ d 4 q/(2π) 4 , M represents the Dirac spinor structure of the state, K(q, k; P ) is the fully amputated quark-antiquark scattering kernel; A, B, · · · denote collectively color, flavor, and spinor indices; q ± = q ± η ± P , with η + + η − = 1 and q is the relative momentum. S(k) is the dressed-quark propagator given by a DSE; for a given flavor f the general form of this DSE is (in Euclidean metric)
where m f is the current-quark mass. In here, we are interested in the flavor-nonsinglet axial-vector Γ lh 5µ (k; P ) and pseudoscalar Γ lh PS (k; P ) amplitudes for a quarkantiquark pair of a light (l) and a heavy (h) quark, with M 5µ = γ 5 γ µ and M P S = γ 5 respectively. Spacetimetranslation invariance requires that no observable can depend on the choice of the momentum routing in quark propagators in Eq. (1); that is, physical results must be independent of η ± .
Associated with Γ lh 5µ is the WGT identity.
where Γ lh P S (k; P ) is the pseudoscalar vertex; both Γ lh 5µ (k; P ) and Γ lh PS (k; P ) obey inhomogeneous BS equation (1). Pseudoscalar meson bound states are obtained from the solution of the homogeneous equation 
where E lh PS , F lh PS , · · · are functions of k, P and k · P . The meson mass, m PS , is the eigenvalue for the value P 2 = −m 2 PS that solves Eq. (4). The CI scheme introduced in Ref. [26] amounts to the following replacement in Eq. (2)
where m g is a gluon mass-scale and α IR is a coupling strength parameter. Note that a flavor dependence in the interaction strength is due to the flavor dependence of the full quark-gluon vertex Γ af µ . The flavor dependence is important to accommodate the fact that heavy-flavor quarks probe shorter distances than light-flavor quarks at the corresponding quark-gluon vertices, thereby implying a smaller coupling strength for heavy-flavor quarks [54] . This fact was used previously in the NJL model to mimic the short-distance and weak-coupling physics in quark matter at high temperatures and baryon densities [46, 55] . Very recently, Refs. [41, 42] have shown that good agreement with experiment for heavy-charmonia masses can be obtained by using a weaker coupling strength and a simultaneous increase in the ultraviolet cutoff of the CI of Ref. [26] . We anticipate that the same turns out to be relevant for heavy-light mesons and write for the BS kernel
(7) A feature of the momentum independence of the CI is that the corresponding DS equation in Eq. (2) is non-renormalizable. In addition, the BS equation in the CI acquires ultraviolet divergencies and is also nonrenormalizable. This implies that mass-scale parameters introduced with the regularization of divergent integrals cannot be removed from the calculations and need to be fixed phenomenologically. Another feature, as previously mentioned, concerns the regularization of divergent integrals: they carry along the danger of symmetry violation, in particular the WGTI in Eq. (3) is not satisfied even when Poincaré-invariant regularization schemes are employed.
Let us consider the DS and the homogeneous pseudoscalar BS equations, Eqs. (2) and (4) 
with the momentum independent quark-mass function,
It is remarkable that the non-running quark mass, M f , is related to the commonplace constituent quark masses of quark and light-front models [56] [57] [58] [59] [60] , yet it is dynamically generated. Such a momentum independent mass function is appropriate in the calculation of static observables, such as the meson mass spectrum, weak decay constants and charge radii, but leads to hard elastic and transition form factors that strongly depart from experimental data for q 2 > Λ 2 QCD [26, 32-40, 42, 61, 62] . In this same CI framework, the pseudoscalar BS amplitude, for example, is independent of the relative quarkantiquark momentum. As a consequence, G lh PS = H lh PS = 0, and Eq. (5) reduces to,
where
. Therefore, the BS equation can be written in the matrix form,
, (10) where the kernel's matrix elements are given by,
. (14) In Eqs. (11)- (14) the traces are over Dirac indices. All integrals in Eq. (8) and Eqs. (11)- (14) are ultraviolet divergent; the divergences are quadratic and logarithmic. The vast majority of applications within NJL models ignore the pseudo vector component F lh PS (P ); in doing so leads to the random-phase-approximation (RPA) of the BS equation [22] [23] [24] [25] .
For vector mesons, the corresponding BS equation in the RL CI model is given by
With only one Lorentz covariant the BS equation for the vector meson simplifies to
with
III. SYMMETRY-PRESERVING SUBTRACTION SCHEME
The issue of symmetry violation can be exposed examining the momenta running in the quark propagators in the BS amplitudes in Eqs. (11)- (14); they are q + = q + η + P and q − = q − η − P , where η ± are arbitrary partition variables satisfying η + + η − = 1. However, to maintain translational invariance, the results of the integrals can depend on the relative momentum q + − q − only, or, equivalently, they must not depend on η ± individually but solely on the combination η + + η − = 1. This dependence on the relative momentum is also crucial for preserving the WGTI in Eq. (3), as we discuss shortly ahead. Moreover, for very different values of M h and M l , the independence of the results on η + and η − is a serious issue in RL finite-range models [16] which becomes exacerbated in nonrenormalizable CI models.
Within NJL models, the customary way of handling integrals, such as in Eqs. (11)- (14), is as follows [22] [23] [24] [25] : after evaluating the traces, a choice for η + and η − is made and Feynman parameters are used to combine in a single term the product (q
) in the denominator. Thereafter a momentum shift is applied to eliminate the angle defined by the scalar product, q·P , in the denominator and finally the integral over q is performed. In shifting the momentum, changes in the integration limits are ignored. Invariably, results depend upon the choices made for η ± ; in particular, the value of the pion decay constant f π , sensitive to the normalization of the pion BS equation, depends on the choices of the partition parameters. In some instances regularization-independent results can be obtained after using the gap equation to eliminate the quadratic divergences, like in the derivation of a Goldberg-Treiman relation at the quark level and the Gell-Mann-Oakes-Renner relationship-see e.g. the discussions around Eq. (4.27) in Ref. [23] .
The subtraction scheme is based on the repeated use of the identity,
where M is an arbitrary subtraction mass-scale parameter. This mass scale plays a similar role to the µ scale in dimensional regularization and can be used to tune parameters of the model when applying it to explore physics at different scales. We do not trail this interesting possibility in this paper and simply keep M arbitrary; we comment on this further ahead in this section. Assuming a Poincaré-invariant regularization for the integrals in Eqs. (11)- (14), subtractions are performed in each of the propagators, S l (q + ) and S(q − ), the number of which is dictated by the requirement that a finite integral is obtained. Note that while the original denominator behaves as 1/q 2 in the limit q → ∞, the last term in Eq. (19) tends to 1/q 4 for q → ∞. We illustrate the procedure in detail for the K EE PS (P ) kernel. Evaluation of the trace in Eq. (11) leads to,
where ∆M lh = M l − M h , and Λ denotes the ultraviolet mass scale associated with the regularization. By using trice the identity of Eq. (19), the first two terms can be rewritten as
where A µν (M 2 ) is the integral defined by
which is the Euclidean space counterpart of the integral ∆ µν (M 2 ) in Minkowski space of Refs. [43, 44, 50] . Using Eq. (21) and subtracting each of the denominators in the third term in Eq. (20) , one can write K EE PS can be written as a sum of three kinds of terms: (1) a finite integral independent of η ± ; (2) quadratic and logarithmically divergent integrals that are also independent of η ± ; and (3) a symmetry violating term proportional to η 2 + and η 2 − , namely,
where H(z) is the function,
Here I log (M 2 ) and I quad (M 2 ) and are the logarithmically and quadratically divergent integrals,
In the derivation of Eq. (23), we made use of the identity
We note that to arrive at these results, no momentum shift was made in the divergent integrals; if one had shifted the momenta without change in the integration limits, one would have missed the term proportional to A µν (M 2 ). We also note that the divergences in each of the integrals in the first equality of Eq. (24) cancel and the final result is finite. Therefore, there is no need for a regulator in Z 0 . This feature, that one can remove the regulator in finite integrals, plays a very important role when considering high temperatures and densities in the NJL model [46] [47] [48] [49] . It will play an important role also in the phenomenology of mesons with heavy quarks, as we discuss in the next section.
We stress that Eq. (23) is an exact result and no approximations were made in the derivation from Eq. (20) . Moreover, as already mentioned, no momentum shifts were made in obtaining the symmetry-violating and divergent integrals. This is important, as a momentum shift in a divergent integral is a delicate process and in many instances is the source of symmetry violation. Note that whatever choice made for η ± unavoidably implies translation symmetry breaking, unless the regularization scheme leads to A µν (M 2 ) = 0. Momentum shifts were made only in the finite integral
; it can be integrated without imposing an ultraviolet cutoff. The integral develops an imaginary part that reflects the possibility of meson decay into a quark-antiquark pair when
this is an unphysical feature that afflicts CI models. However, there is no difficulty in introducing an infrared cutoff [29] in this and other finite integrals to avoid unphysical quark-antiquark thresholds in BS amplitudes. This will be implemented in Sec. IV.
The expressions for the remaining kernels K
PS , and K
F F
PS contain the same terms as in Eq. (23) and an additional symmetry violation term-they are presented in Appendix A. We also note that one can use the gap equation, Eq. (8), to express the quadratically divergent integral, I quad , in terms of the constituent-quark mass, M f , as
We will make use of this equation further ahead. Let us next examine how choices of η ± lead to violation of the WGT identity in Eq. (3) in case of CI. In the chiral
Using Eq. (21) in Eq. (30), one obtains,
The
where B µν (M 2 ) and C µνρσ (M 2 ) are new tensor structures,
The 
We observe that for arbitrary momentum routing in the loop integrals, the subtraction scheme allows to systematically identify symmetry violating terms; they are proportional to the integrals A µν , B µν and C µνρσ in Eqs. (22), (34) and (35) . A consistent regularization scheme must make the integrals vanish automatically. Otherwise, the vanishing of the integrals must be imposed; in doing so, the regularization scheme becomes a central part of the model. Dimensional regularization and Pauli-Villars regularization are examples of schemes that lead to A µν = 0, B µν = 0, and C µνρσ = 0. Removing the symmetryviolating terms, Eq. (32) becomes nothing else than the gap equation of Eq. (8) .
Let us make contact with the GBCR scheme [26] . For a proper comparison, we need to take η + = 1 and η − = 0, the choice made in that reference. For this choice, Eq. (31) becomes
which is Eq. (15) of Ref. [26] . Using Eq. (33) for this integral, one obtains:
that is, the M l dependence cancels and the remaining divergent terms depend on M only:
In the chiral limit, this is equal to
which is Eq. (17) of Ref. [26] . This result makes it clear that our scheme, besides being in agreement with Ref. [26] for the particular choice of η ± , it is also more general as is valid for arbitrary values of η ± . This is important when M h ≫ M l , as results are very sensitive to the momentum partitioning between the heavy and light quarks in a bound state [16] ; for u and s quarks, it has been shown [63] that results for π and K observables are not very sensitive to this momentum partitioning. Here, we take the opportunity to comment on the role played by the subtraction mass M . As mentioned previously, it shares similarities with the mass scale µ that appears in dimensional regularization. Indeed, suppose one uses dimensional regularization in the model. Besides removing automatically all potential symmetryviolating terms, dimensional regularization introduces an arbitrary mass scale µ that comes with the replacement D = 4 → D = 4 − 2ǫ in the integrals. On the other hand, in the subtraction scheme one introduces the arbitrary mass M and prescribe that symmetry-violating terms vanish. In addition, one also obtains divergent integrals depending on M , like I log (M 2 ) and I quad (M 2 ) of Eqs. (26) and (27) , that need a regularization that cannot be removed because the model is nonrenormalizable. Applying dimensional regularization in those integrals, one introduces two arbitrary dimensionful parameters, M and µ:
whereμ 2 = 4πe −γ µ 2 . Choosingμ = M , the integral is scale independent; likewise for I quad (M 2 ), it depends only on M . Alternatively, there is no need for evaluating these integrals with an explicit regulator, since M can be set by fitting the parameters of the model to physical quantities [43] [44] [45] . Through relations like that in Eq. (28), one obtains the divergent integrals at any other scale in terms of the physical quantities fitted at the scale M . As said, we do not trail this interesting possibility in this paper and simply keep M arbitrary and use a second scale that is an ultraviolet cutoff. As we shall discuss in the next section, our results are essentially independent of M ; small differences in the results caused by using different values can be absorbed by refitting parameters.
The masses of the mesons are obtained from Eq. (10); the equation defines an eigenvalue problem with solutions for the masses P 2 = −m 2 PS , namely:
where K(P 2 ) is the 2 × 2 matrix defined in Eq. (10), and λ(−m 2 PS ) = 1. The derivation of the subtracted kernels is detailed in Appendix A.
The weak decay constant of the PS meson, f PS , can be extracted from: (44) where the trace is over Dirac indices. Inserting Eq. (9) into Eq. (44) and evaluating the trace leads to,
where, we recall,
The eigenvalue equation in Eq. (43) does not fix the amplitudes E PS (P ) and F PS (P ) separately; for that, one needs a normalization condition, which we take as,
evaluated at P 2 = −m 2 PS . We note that with this convention, the experimental value of the pion decay constant is f π ≃ 130 MeV [64] .
To close this section, we comment on the regularization procedure. On computing the masses and the decay constants of the pseudoscalar mesons, the first step is to obtain the constituent quark masses, M f , from the gap equation, Eq. (8), and then solve the eigenvalue problem, Eq. (43) . Both equations contain the ultraviolet divergent integrals I quad and I log that need regularization and, in addition, Eq. (43) contains also the finite integral Z 0 -function (and the Z 1 that appears in the other kernels). As briefly discussed in Sec. III, Z 0 develops thresholds as it can acquire an imaginary part when
We avoid the possibility of unphysical thresholds in hadron decay into quarks by eliminating this branch cut with an infrared cutoff. Both ultraviolet and infrared cutoffs can be introduced using a proper-time regularization [29] as follows. All integrals, finite and divergent, contain integrands of the form 1/(q 2 + a 2 ) n , where n = 1, 2 and a 2 is independent of q. The imaginary part in Z 0 happens when q 2 → −a 2 ; to avoid this to happen, one then rewrites the integrands as
with τ uv = 1/Λ 2 uv and τ ir = 1/Λ 2 uv , where Λ uv and Λ ir are the ultraviolet and infrared cutoffs respectively. For the Z 0 integral, τ uv is not needed, as the integral is finite; therefore
which is finite when q 2 → −a 2 , as can be verified very easily. The final result for Z 0 can be written as
which is clearly finite when τ → 0. Unphysical thresholds in the function Z 1 are eliminated using its relation to Z 0 , given in Eq. (B2). Although τ ir is not needed for I quad and I log , we keep it in those integrals to compare results with Ref. [26] . Therefore
The logarithmically divergent integral I log (M 2 f ) can be derived from I quad (M 2 f ) by a simple differentiation:
IV. NUMERICAL RESULTS
We start considering the f = {u, d, s} quark flavors and compare results from the CI subtraction and GBCR schemes [26] . More specifically, we compare results with Ref. [36] that extended the GBCR CI to the strange flavor sector. We recall the differences that mark both approaches: in the subtraction scheme the results are independent of η ± , while those in Refs. [26, 36] are for η + = 1 and η − = 0. The finite integrals Z 0 and Z 1 in the BS amplitudes that appear in the subtraction scheme can be integrated without imposing ultraviolet or infrared cutoffs, though we removed the thresholds of these functions by means of infrared cutoff as discussed in the previous section. As shown in Sec. III, for η + = 1 and η − = 0 and neglecting symmetry violating terms and using the same ultraviolet and infrared cutoffs, both approaches lead to identical results.
The free parameters are the quark masses m u , m d and m s , the coupling strength α IR , the gluon-mass scale m g , and the cutoffs Λ ir and Λ uv . For a proper comparison, we use the parameter set of Ref. [36] : In Tab. I we present the BS amplitudes (E, F ) PS and masses and decay constants (m, f ) PS of π and K from both approaches. Here, we use the natural value for the subtraction mass M in the calculation of for both π and K properties, namely the light constituent quark mass, M = M u ; choosing M = M s , or any other value between M u and M s , does not change the results for the properties of π and K, as expected. Table I informs that the results in both approaches compare very well, and are in good agreement with experimental data. The particular choice of momentum partitioning and use or not of an ultraviolet cutoff in finite integrals does not affect the results in this case. While the first conclusion is consistent with the findings in Ref. [63] in a finite-range RL model, the second means that the momentum integrands that give rise to the finite functions Z 0 and Z 1 have integrands well concentrated within the momentum range extending from Λ ir to Λ uv .
Next, we include the charm quark and calculate properties of heavy-light mesons. The issue on the necessity for a flavor dependence of the effective coupling is exposed: using the same parameters as in the light quark sector and adjusting the charm quark mass to fit the mass of the D−meson, the decay constant f D turns out smaller than f K . The same feature is also present in Ref. [53] within the NJL model. Like in the extension of the NJL model made in Refs. [46, 55] to high temperatures and densities, and also in the extension of the GBCR CI model in Refs. [41, 42] to charmonium, one can readjust the effective coupling m h G and the ultravi-TABLE I. BS amplitudes (E, F )PS and masses and decay constants (m, f )PS of π and K from the CI subtraction scheme and CI GBCR of Ref. [36] . The amplitudes are dimensionless and masses and decay constants are listed in MeV. Table. II presents our results for the masses and decays constants of pseudoscalar mesons. We have also readjusted the strange quark mass to m s = 165 MeV to obtain a perfect fit to m K . For orientation and comparison, we have listed in the table the results from the GBCR CI and from several representative studies employing finite-range interactions treated within the RL framework of the DS and BS equations in QCD. The latter are identified in the table by NST1 and NST2 from Ref. [9] , REBM1 and REBM2 from Ref. [14] and HGKL1 and HGKL2 from Ref. [17] . The first observation one can draw from Tab. II is that, once the parameters of CI subtraction model are fixed to obtain an almost perfect agreement with experiment for the m PS masses, the model predicts for the decay constants, f π < f K < f D < f Ds , a pattern that is corroborated by realistic DS-BS and lattice-QCD calculations. Moreover, the individual values of f PS are in very good agreement with the experimental and lattice data collected by the PDG [64] , the discrepancies being at the level of a few percent. It is also remarkable that the CI subtraction model gives a much better description for (m, f ) PS than finite-range models within the RL framework, in which the discrepancies with the PDG values for the decay constants can reach up to 40% in some cases.
Regarding the very small value of f D in the NJL model, one may reasonably object that it is due to the inadequate use of parameters adjusted to the light mesons. Although it is true that one can remedy this situation adjusting the coupling and cutoff in the NJL model, one still faces the problem that the results become unacceptably dependent on the choices for η ± . This means that for any new choice of η ± , new values for the parameters of the model are required to fit observables; the situation is even more dramatic, in that no solutions for the BS equation can be found for some choices of η ± . The subtraction scheme solves this problem.
We have also calculated masses and decay constants of vector mesons with the same parameter set used for the pseudoscalar mesons; the results are listed in Tab. III. There is fairly good experimental information on their masses but not on their decay constants. The values quoted in Tab. III for the masses are taken from PDG [64] and those for the decay constantes of ρ and K * are extracted indirectly [65] from τ decays, whereas those for D * and D * s are from a recent lattice calculation [66] . The CI predictions for the masses, m V , agree very well with experiment but less well for f V , as there is a wrong ordering between f ρ and f K * and between f D * and f D * s . On the other hand, inspection of Tab. III reveals that finite-range RL models also have difficulties in the vector sector; for instance, f D * s < f K * in all of those models. In this connection, also calculated charmonium properties: in the same vein of Ref. [41] , by a further increase of m h G and Λ uv , the CI subtraction model predicts similar results to those of the GBCR model, including the wrong ordering between the vector and pseudoscalar decay constants, f J/Ψ < f ηc . This is an additional indication that the vector channels pose a challenge for CI models, possibly reflecting in this context the limitations of the RL framework exposed in finite-range models [6] [7] [8] 12] .
V. SUMMARY AND CONCLUSION
We examined the CI model introduced in Ref. [26] within the perspective of a regularization scheme that allows to separate symmetry-violating parts in BS am- We have shown that using the subtraction scheme we can obtain values for the masses of all of these mesons that agree well with experiment. In addition, we can obtain the correct trend of the weak decay constants of the pseudoscalar mesons, f π < f K < f D < f Ds , and their individual values are also in good agreement with experiment and lattice QCD simulations. The values of the decay constants of the ρ and D * agree very well with experiment and lattice QCD simulations, respectively; but the model predicts the wrong orderings f ρ < f K and f D * < f D * s . These difficulties in the vector sector might not be related to intrinsic deficiencies of a contact interaction, as similar deficiencies have been observed in RL calculations using the DS-BS equations employing sophisticated finiterange interaction kernels.
We reiterate that the CI subtraction scheme developed here is not meant to be a substitute for a full-fledged, QCD-based DS-BS framework. Rather, its aspiration is to be a simpler tool that preserves spacetime symmetries and global symmetries of QCD. We strongly believe that a simpler tool that respects such basic symmetries, and at the same time, is able to give comparable results of more sophisticated and intricate approaches, acquires the necessary credentials to be used to explore and provide useful insight into complex problems of current interest, like multihadron molecules and hadronic matter at finite temperature and density.
As a next application of the subtraction scheme we mention the study of strong couplings of charmed hadrons with light hadrons, in particular the couplings of D−mesons to nucleons. Such couplings are relevant in studies of the D−nucleon interaction at low energies [67] [68] [69] [70] , D−mesic nuclei [71] [72] [73] , J/ψ binding to nuclei [74] [75] [76] , among others. There is no experimental information about the D−nucleon interaction, most of the knowledge on this interaction comes from calculations using hadronic Lagrangians motivated by SU(4) extensions of light-flavor chiral Lagrangians. Since the symmetry is badly broken by the widely different values of the quark masses, it is important to check the validity of SU(4) symmetry in the couplings not only in vacuum [77] [78] [79] [80] [81] , but at finite temperature and density as well. Another future application is to study charm meson diffusion in mesonic matter. Here it is necessary to compute for example the temperature dependence of masses of D + (D − ) mesons and also the light mesons π, K and η [82] . With these inputs, one is able to compute the drag and diffusion of D + meson in hadronic medium.
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Pseudoscalar kernels
After taking Dirac traces and performing the necessary number of subtractions in Eqs. (11)- (14) , we arrive at the expressions.
where D µν (M 2 ) is given by
For the normalization of the BS amplitudes E 
with the derivatives of the kernels given by the following expressions:
∂K

F F PS
where we have defined
From the eigenvalue equation, one obtains
Combining this with Eq. (A4), the individual amplitudes E lh PS (P ) and F lh PS (P ) are determined.
Appendix B: Vector kernel
After performing the necessary number of subtractions in the integrand of Eq. (18), one obtains again finite integrals and divergent integrals that are independent of η ± and symmetry violating terms:
where the BS amplitude is normalized as in the case of pseudoscalar mesons and is is fixed as
